In this paper we present a detailed theoretical investigation of integrated racetrack Raman lasers based on the germanium material system operating in the mid-infrared beyond the germanium two-photon absorption cut-off wavelength of 3.17 μm. The effective Raman gain has been estimated in waveguides based on germanium-on-silicon, germanium-on-SOI and germanium-on-Si3N4 technology platforms as a function of their crystallographic orientations. Furthermore, general design guidelines have been determined by means of a comparative analysis of Raman laser performance, i.e. the threshold power, polarization and directionality of the excited Stokes signals as a function of racetrack cavity length and directional-coupler dimensions. Finally, the emitted Raman laser power has been evaluated as a function of overall propagation losses and operative wavelengths up to 3.8 μm, while the time dynamics of Raman lasers has been simulated assuming continuous and pulse waves as input pump signals. 
Introduction
Germanium (Ge) has been seen for more than a decade as a very promising material for extending the operation of integrated photonic circuits from the conventional near-infrared (NIR) wavelength range to the vibrant mid-infrared (MIR) spectral window [1, 2] . Some of the most intriguing applications achievable by this material are the use of a Ge-based photonic chip for ultra-high performance sensing in the 8 to 14 μm wavelength range where several chemical and biochemical species exhibit very strong fingerprints, as well as the excitation of nonlinearities in the MIR [3] . Indeed, Ge is characterized by a very wide transparency extending out to 16 µm, where the conventional silicon-on-insulator (SOI) technology platform cannot be used because of the extremely high absorption loss of silicon dioxide (SiO 2 ) beyond 4 µm [4] . On the other hand, we have already demonstrated in a previous work [5] how different Ge-based technology platforms, such as Ge-on-Si (GOS), exhibit much lower loss than SOI technology in the MIR. Furthermore, the absence of the nonlinear losses such as two-photon-absorption (TPA) as well as the TPA-induced free-carrier-absorption (FCA) effect beyond the cut-off wavelength of 3.17 µm, allows nonlinearities to be excited very efficiently since detrimental band-to-band transitions are inhibited [6] .
Recently, huge research efforts have been carried out in order to experimentally demonstrate fundamental photonic devices based on Ge technology (e.g., germanium-onsilicon (GOS) and germanium-on-SOI) and operating in the MIR [7, 8] . For example, low-loss monocrystalline GOS waveguides have been proposed [9] and experimentally demonstrated for the first time at the wavelength of 5.8 μm [10] , having propagation losses of 3.6 ± 0.8 dB/cm and bend losses of 0.12 dB for a 90° bend with a radius of 115 µm. Moreover, DEMUX based on planar concave gratings [11] as well as MUX based on arrayed waveguide gratings [12] have been demonstrated in a GOS platform in the wavelength range of 5.0-5.4 µm. Furthermore, the design of a 2 × 2 electro-optical switch based on Si and Ge channel waveguides operating in the wavelength range of 1.3-12 µm has been reported [13] . Very recently, GOS and GOI thermo-optic phase shifters have been fabricated and characterized for the first time at 5 µm [14] . Moreover, MIR all-optical modulation has been achieved in GOS waveguides [15] and record low losses of 0.6 dB/cm have been measured in GOS rib waveguides [16] , both at the MIR wavelength of 3.8 µm.
A few studies on nonlinearities in Ge-based photonic waveguides and devices operating in the MIR wavelength range have also been reported [17] . Actually, the nonlinear optical response of low loss Si 0.6 Ge 0.4 /Si waveguides in the MIR wavelength range of 3.25-4.75 µm by means of picosecond optical pulses have been investigated with the experimental estimation of the Kerr nonlinear refractive index [18] . Furthermore, nonlinear optical properties such as the stimulated Brillouin scattering (SBS) [19] and the stimulated Raman scattering (SRS) [5] , have been theoretically investigated in GOS waveguides [5] and in the new Germanium-on-Silicon-Nitride (GON) waveguide technology platform [19] , revealing competitive advantages with respect to the operation of Si-and Ge-based devices in the NIR wavelength range.
In this paper we present, for the first time to the best of our knowledge, a theoretical and comparative investigation of SRS in racetrack resonators based on Ge-based material systems, i.e., GOS, GOI and GON. Actually, the Raman effect has been widely used in the NIR for achieving efficient laser emission around 1.55 µm in SOI-based photonic devices [20, 21] . However, apart from a theoretical simulation of SOI Raman lasing for sensing purposes in the MIR [22] , Raman effect devices based on Ge technology platforms have not been investigated yet. Consequently, fundamental equations and theoretical assumptions are presented here in Section 2 for the modelling and simulation of nonlinearities in Ge-based racetrack resonators. Then, general design guidelines of Ge-based Raman lasers operating in the MIR wavelength range of 3.2-3.8 µm are reported in Section 3. In particular, a detailed investigation of the theoretical performance such as the lasing threshold, the laser efficiency as well as the polarization and directionality of co-and counter-propagating Stokes signals inside the racetrack cavity, is presented as a function of geometrical and optical parameters, e.g., the cavity length and power coupling factors of the directional couplers. Finally, Section 4 summarizes the conclusions.
Theoretical background
In the analysis proposed in this paper, racetrack resonators are investigated for the design and simulation of integrated Raman lasers. Actually, racetrack microcavities are usually preferred to standard rings since long roundtrips can be achieved in relatively small footprints. In fact, this represents an advantage because the overall Raman gain can be improved by designing long cavities, even of the order of few mm where the only limitation is practically imposed by propagation losses [21] . With reference to Fig. 1(a) , the input optical pump, propagates into the input bus waveguide, is then coupled to the racetrack resonator by means of a directional coupler (DC) characterized by a gap, g, and a length, L coup . Moreover, an additional bus waveguide with a symmetric DC has been considered at the bottom of the device in order to investigate the laser operation when counter-propagating waves are also generated into the microcavity. As a result, by considering the input port as sketched in Fig.  1(a) , the top bus waveguide allows the readout of co-propagating signals (i.e., blue and violet arrows), while the bus waveguide at the bottom allows the detection of counter-propagating signals (i.e., red and orange arrows), which propagate counter-clockwise.
Three different Si-based technology platforms have been examined in this investigation of innovative Raman lasers based on Germanium waveguides and operating in the mid-IR wavelength range: GOS, GOI, and GON. As an example, fully-etched waveguide cross-sections with a width, W, and an height, H, are sketched in Fig. 1(b) in case of the GOS technology platform and in Fig. 1(c) in the case of the other two material systems where an upper silicon layer with a thickness of 100 nm is assumed over the low refractive index layer (i.e., SiO 2 or Si 3 N 4 ). In Fig. 1(d) , z represents the propagation direction of the bus waveguides and the angle θ represents a possible orientation of the z crystallographic axis of the singlecrystal Ge core with respect to z, with x-z in the x-z plane. The input pump wave, previously indicated as S p , can be aligned with the quasi-TE (i.e., transverse electric) or quasi-TM (i.e., transverse magnetic) polarization, thus inducing Stokes waves aligned with quasi-TE or quasi-TM modes, depending on the specific laser operation. Finally, input and output buses, DCs, as well as the racetrack resonator are always assumed to be based on the same waveguide structure (e.g., rib, wire, to name a few).
A self-consistent model already proposed by us in [21] and based on a full vectorial approach has been used for the modelling and simulation of Raman lasers. The model is based on a set of partial differential equations for the nonlinear coupling between pump (p) and fundamental Stokes (s) waves, which propagate along the microcavity. In particular, for each state of polarization (i.e., quasi-TE, or quasi-TM) two Stokes waves have been considered: a co-propagating or a counter-propagating wave with respect to propagation direction of the pump signal. It is worth noting that the flexibility and generality of the model, which has already been applied for the investigation of SOI Raman lasers working in the NIR, allows us to extend its application to novel platforms such as the GOS, GOI and GON, where the TPA and FCA effects can be neglected. Indeed, the detrimental effects induced by TPA and FCA can be avoided if nonlinear Ge-based devices are operated at MIR wavelengths longer than the TPA cut-off wavelength, equal to TPA Ge λ = 3.17 µm [6] . Furthermore, the model takes into account all the nonlinear effects involved in such integrated devices, i.e. SRS, Self-PhaseModulation (SPM) and Cross-Phase-Modulation (XPM) effects induced by the Kerr nonlinearity, polarization effect, emission directionality of the Stokes waves, mismatch between the input beam wavelengths and the microcavity resonance wavelengths as well as the coupling mechanism between the microcavity and input/output bus waveguides. Then, the differential equation system can be solved after evaluating a number of optical parameters. To give an example, the overall photon decay time i τ of the pump and Stokes wave inside the cavity can be considered as a function of three parameters, i.e. linear loss ( 
where L cavity is the physical circumferential cavity length. With reference to the fully-etched Ge waveguide sketched in Figs. 1(b) and 1(c) (let us name it as wire waveguide), the total loss coefficient can be calculated by means of Eq. (2), for each of the technology platforms assumed in this investigation [5] :
Actually, α d is the propagation loss coefficient valuated in the d-th subdomain, i.e. the Ge wire waveguide, the Si slab layer in the GOI and GON technology platforms, and the Si bulk. Similarly, Γ d , is the field confinement factor in the d-th subdomain as above, which can be calculated according to Eq. 
where n d is the refractive index of the d-th subdomain and ˆz e is the unit vector along the z propagation direction. In Eq. (3) as well as in the following equations, p e , s + e and s − e are the electric field vectors of the pump (p) and Stokes (s) modes, respectively, with real transverse and imaginary longitudinal components. In particular, s + e represents the Stokes wave copropagating with the pump inside the resonator, while s − e indicates the counter-propagating Stokes mode, which, by definition, has the same transverse components as s + e but with the longitudinal component equal to the complex conjugate.
With the aim of presenting a comparative investigation on the SRS effect induced in racetrack resonators based on GOS, GOI and GON technology platforms and operating in the vibrant MIR wavelength range, it is also crucial to analyse the directionality of the emitted Stokes waves with respect to the input pump beam as well as the specific combinations between the states of pump/Stokes polarization, so that the best operative conditions for an efficient lasing effect can be found. In this context, a very useful parameter is the effective Raman gain g s 
The normalization coefficients ˆs N σ and ˆp N are defined in [21] , while the terms n p and n s are the Ge refractive indices at the pump and Stokes wavelengths, respectively, calculated by means of Sellmeier's equations [5] . The effective Raman gain is also influenced by the Ge waveguide-core orientation since the electro-magnetic field is assumed to be evaluated in the waveguide coordinate system (x,y,z), generally rotated by an angle θ with respect to the Ge crystallographic axes ( , , x y z    ), as sketched in Fig. 1(d) . Finally, the effective modal areas that include the SPM and XPM effects as induced by Kerr nonlinearity have been calculated according to Eq. (6): 
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where ϛ is the anisotropy factor for the Kerr effect [6] . In conclusion, it is worth specifying that the nonlinear Kerr refractive index n 2 (ω) has been evaluated by using the equation derived via the Kramers-Kronig relation [6] .
Numerical results
In this Section, a detailed investigation of integrated Raman lasers assumed to operate in the wavelength range of 3.2-3.8 µm and based on Ge waveguides in GOS, GOI and GON technology platforms, is reported. The calculation of the angular frequency of the phonons involved in the SRS process represents a preliminary step toward the overall model execution. To this purpose, some authors have recently demonstrated that the experimental Raman shift in bulk Ge matches the following relationship with a very good agreement [23]:
where 0 Ge Ω = 301 cm −1 corresponds to the Raman shift in bulk Ge without any strain ɛ, and the
] is the linear coefficient associated with the strain. Actually, a strain can be induced in the Ge bulk material following a deposition process over different material layers (e.g., Si). Indeed, after annealing at high temperature, the mismatch in thermal expansivity between Ge and Si layers will result in thermally induced stresses at the operating temperature (typically room temperature, 27 °C). Consequently, the difference 0 Ge Ge Ω −Ω can be calculated by numerically solving (i.e., by FEM [25]) the stress field in the waveguide as a function of the annealing temperature. Then, the static equilibrium equation is solved, thus simultaneously satisfying the thermal effects, the stress-strain and the strain-displacement relationships for the displacement variables along x, y, and z directions, as well as the proper boundary conditions. Further details of this approach are reported in [26] .
Finally, once the average strain distribution into the Ge waveguide has been calculated, the application of Eq. (7) gives the plot in Fig. 2 .
The parameters listed in Table 1 have been used to perform strain simulations. In particular, E Y,M is the Young's modulus of the material M, v M is the Poisson'ratio of the material M and α thermal,M is the thermal expansion coefficient of the material M as well. 
A computation spatial domain of about 60 μm 2 with 90,000 mesh triangular elements has been used for an accurate stress calculation, while a much smaller computational domain has been taken into account in electromagnetic simulations. In particular, large domains are preferred in stress analysis since the overall wafer height and width must be large enough to neglect the influence of boundary effects on the calculated stresses in thin films and waveguides. Finally, as the Ge layer is always deposited on Si in all the Ge technology platforms aforementioned, simulation results indicate very small differences between GOS, GOI, and GON cross sections. Consequently, only the Raman shift calculated in the GOS platform is plotted in Fig. 2 as a function of the annealing temperature varied in the range of 300-1000 °C. The investigation of the SRS effect in Ge waveguides consists also in the specific evaluation of the effective Raman gain to be performed according to Eqs. (4) and (5). It is worth noting that, unlike the conventional Si-based material systems, an experimental Raman gain coefficient of Ge has not been reported yet in the MIR. However, as detailed in [6] , −1 in the case of fixed polarizations, thereby allowing the Raman emission at 45° while totally inhibiting it at 0°. In conclusion, Fig. 3 demonstrates that the counter-propagating Stokes emission is always preferred with respect to the co-propagating Stokes wave, independent of the pump polarization state.
Actually, although the plot in Fig. 3 refers only to the GOS technology platform, simulations in case of GOI and GON platforms have given very similar results because of the large confinement of the optical mode in the Ge wire waveguide. Some reprentative simulation results are summarized in Table 2 In particular, the GOS technology platform has been initially considered in simulations with threshold power levels intentionally limited to 450 mW. The results are plotted in Figs.  4(a)-4(c) The contour plots refer to a device architecture with a cavity length L cavity = 1 cm, and a coupler gap g = 200 nm, exhibiting the effective SRS gains listed in Table 2 for = 45°. Moreover, the propagation loss coefficient (α loss ) evaluated by means of Eqs. (2)- (3), is assumed to be 1.5 dB/cm according to [2] and resulting in the unloaded cavity quality factor Q i = 2.15 × 10 5 . Then, the pump wavelength is assumed to be perfectly matched to a racetrack resonator resonance (i.e., κ ), the GON technology platform can guarantee lower threshold powers than the GOS platform. As specificed previously, the considerations about the GON platform can be associated to the GOI material system without any approximation, since the simulation results are very similar.
The analysis of the threshold power as a function of pump and Stokes power coupling factors allows us to find important design guidelines for guided-wave directional couplers (DCs). Indeed, once the waveguide has been selected in order to maximize the effective Raman gain, any shape and architecture of the DCs can be practically designed and fabricated with the only requirement that the pair ( 2 s κ , 2 p κ ) be chosen in order to achieve specific Raman laser performance (e.g., low threshold power). The generalized model implemented makes it possible to simulate and design any desired DC; for example a DC based upon S-bend waveguides has been employed in this investigation as sketched in Fig. 1(a) , with L tr = 220 µm and D = 30 µm, resulting in a bend radius longer than 350 µm in order to neglect any bending losses. Under this assumption, the threshold pump power as a function of the coupler length is plotted in Fig. 6(a) . Furthermore, the excitations p κ are selected, thus resulting in a generalized design approach. By observing the curves in Fig. 6(a) , a reasonable approach consists in selecting a proper DC configuration in order to minimize the threshold pump power required for the Raman lasing effect. It is worth specifying that the results of the GOI platform are associated to the GON curves in Figs. 6(a) and 6(b), since they would be practically overlapped if plotted together. The analysis proposed in Fig. 6(a) imposes some considerations. Firstly, the GON and GOI platforms exhibit threshold pump powers lower than those achieved in GOS due to the higher effective Raman gains, as listed in Table 2 . presents a large range of L coup (i.e., 50-310 µm for GON and 50-380 µm for GOS) in which threshold powers are less than 500 mW. Consequently, simulations plotted in Fig. 6(b) indicate that the corresponding coupling factors , is worth being investigated. To this purpose, the threshold pump power as a function of the pump wavelength mismatch and the cavity length is plotted in Fig. 7 , assuming L coup = 150 µm, and g = 200 nm. The three dimensional (3D) analysis reveals that the difference between the input pump and resonant wavelengths induces an increasing of threshold pump power, which is a detrimental effect for the Raman laser emission. The detailed analysis of the Raman laser threshold is then completed by taking into account the simultaneous influence of the coupling length and the ratio W/H on P th , as plotted in Figs. 8(a) and 8(b) . In particular, the GOS platform as well as the excitations p , L cavity = 1 cm and g = 200 nm, have been considered in simulations while the maximum threshold power level is intentionally limited at 400 mW.
The contour curves in Fig. 8(a) clearly indicate that a decreasing of the threshold pump power can be obtained by reducing the ratio W/H because of higher effective Raman gains, and operating with DC lengths shorter than 100 µm. Moreover, the excitation p Figure 9 shows clearly the larger performance of GON platform with respect to the GOS technology. By assuming two well-determined conditions, i.e., i) CW regime, ii) unidirectional emission with only one polarization state, the Stokes power inside the cavity can be evaluated by a closed-form formula as: 
where the parameters A, B and C are defined as follows:
150 µm, g = 200 nm, = 45°, and a loaded quality factor Q tot = 2.85 × 10 4 . Simulations evidence the presence of an optimal condition represented by a curve peak. Indeed, by increasing more and more the cavity length, the SRS gain cannot compensate the propagation losses that the Stokes signal undergoes when traveling along multiple cavity roundtrips. Analogously, with decreasing more and more L cavity , the Stokes signal excitation cannot occur when the pump signal propagates along a too short distance.
In the specific case study considered in this investigation (i.e., a Ge wire waveguide with W = H = 2 µm), the optimal condition suitable for maximizing the Raman lasing is obtained for a cavity length L cavity ≈2 mm, corresponding to a bend radius of about 130 µm. A possible limiting factor in the selection of the cavity length can be represented by the curvature radius, thus by the bending loss. To this purpose, the influence of the optical losses can be seen in Fig. 10(b) , where the output Stokes power as a function of the input pump power and the overall loss coefficient (α loss ) are plotted. Simulations indicate that propagation losses of about 3 dB/cm require an input pump power larger than 800 mW in order to induce a lasing effect. Wavelength dependence of Ge-based Raman lasers has also been taken into account. To this purpose, the output Stokes power as a function of the pump signal wavelength is plotted in Fig. 11 for different values of the input pump power, in case of the GOS, GON, and GOI platforms. In particular, L coup = 150 µm, g = 200 nm, = 45° and L cavity = 1 cm, and a loaded quality factor Q tot = 2.85 × 10 4 have been used in simulations. It is worth noting that only the p
excitation is shown in Fig. 11 , since all the other excitations are rigorously under threshold for the wavelength range and the input pump powers considered. Moreover, the plot indicates the presence of a specific threshold wavelength p λ , which causes the Raman laser inhibition and undergoes a blue shift by increasing the input pump power. This behavior is justified by the fact that the Stokes coupling factor monotonically increases in the wavelength range starting from 3.2 µm up to 3.8 µm, thus inducing an increasing of both threshold power (see Fig. 4 ) and Stokes power coupled to the bus waveguide. Furthermore, the value of p λ in the case of GON and GOI platforms is higher compared to the GOS technology because of the larger effective Raman gains as also demonstrated in Table 2 .
The analysis presented in this paper also includes the investigation of the laser time evolution by taking into account continuous wave (CW) and modulated input pump waves. To this purpose, the output laser power is shown in Fig. 12 by assuming As a result, some considerations can be pointed out: i) the presence of both SPM and XPM effects produced by Kerr nonlinearity induces very weak oscillations in the laser time dynamics; ii) Fig. 12(a) clearly shows the laser unidirectionality induced by the amplification of the counter-propagating quasi-TE Stokes mode; iii) the solution system does not produce any amplification for TM s ρ waves; iv) Fig. 12(b) indicates that, for a pump wave modulated by a square wave with duty cycle of 50% and period of 200 ns, the bidirectional laser emission is induced, amplifying both co-and counter-propagating quasi-TE Stokes modes. Obviously, the bidirectionality can be obtained only if the period is shorter than the transient time needed to switch off the co-propagating Stokes wave, estimated in this specific case as 2 µs [ Fig. 12(a) ]; v) the power difference between the counter-and co-propagating Stokes waves increases by increasing the period of the input pump square wave.
Conclusions
In this paper a sophisticated full-vectorial mathematical model based on FEM has been implemented for investigating the performance of integrated Raman lasers based on GOS, GOI and GON technology platforms and operating in the MIR wavelength range of 3.2-3.8 μm, thus beyond the germanium TPA cut-off wavelength of 3.17 μm.
The influence of the annealing temperature in Ge deposition processes has been taken into account for the estimation of the Raman shift exhibits threshold powers less than 400 mW when the ratio W/H is lower than 1.
The output Stokes power has been simulated as a function of racetrack overall length, input pump signal, overall proagation losses as well as input pump MIR wavelength varied in the range 3.2-3.8 μm. As a result, by assuming a fully-etched wire waveguide with W = H = 2 μm and an input pump power of 500 mW, an optimum cavity length of roughly 2 mm is found with the highest output power of 20 mW in the case of GOI and GON platforms, and of 16 mW in Raman lasers assumed in GOS technology. Furthermore, simulations indicate that propagation losses of about 3 dB/cm require an input pump power larger than 800 mW in order to induce a lasing effect. Consequently, low loss Ge waveguides as well as low bending losses are strongly suggested in order to achieve Raman lasing effect in Ge-based Raman lasers operating in the MIR. In addition, it is worth specifying that a rigorous design of the DCs should be carried out since the output Stokes power drops down as a function of longer input pump wavelengths because of the wavelength dependence of the pump and Stokes power coupling factors. Furthermore, the difference between the input pump and racetrack resonant wavelengths induces an increasing of the threshold pump power which is a detrimental effect for the Raman laser emission. On the contrary, the influence of the mismatch ( ) 0 s s λ λ − affects the phase temporal evolution of the slowly varying field amplitude.
In conclusion, the simulation of the Raman laser in CW and pulse regime has revealed that the presence of both SPM and XPM effects produced by the Kerr nonlinearity induces very weak oscillations in the laser time dynamics.
In conclusion, regarding the Ge Raman laser, the choice of the lasing wavelength (essentially the choice of pump wavelength) determines which Ge waveguide platform is best for the laser. The two primary waveguide candidates are Ge-on-silicon-nitride (GON) and Ge on-bulk-Si (GOS). At a lasing wavelength < 7 μm, for example, the GON platform is probably best because it offers a higher index contrast between the substrate and the Ge core than does the silicon substrate. On the other hand, if lasing is desired at longer wavelengths in the 7 to 16 μm range, the situation changes and the GOS platform offers lower propagation loss, even though the silicon substrate does have moderate phonon-related losses in the 8 to 18 μm spectral range (around 0.9 to 9 cm −1 ). Finally, the GOI platform is also a good choice in the 3 to 4 μm spectral range, competitive there with GON. In summary, we can conclude that the GOS, GOI and GON technology platforms examined in this investigation are suitable for the design and fabrication of integrated Raman lasers operating in the MIR wavelength range, since they can generally exhibit larger Raman gains and lower losses than the SOIbased solutions. Moreover, the sophisticated and general approach used in this paper allows to extend the analysis presented here to any desired Ge-based waveguide structure and DC architectures, resulting in a very flexible design approach.
